This paper constructs a family of explicit self-similar blowup axisymmetric solutions for the 3D incompressible Euler equations in R 3 . Those singular solutions admit infinite energy.
Introduction and main results
The 3D incompressible Euler equation describes the motion of ideal incompressible fluid, which takes the following form v t + v · ∇v = −∇P, ∇ · v = 0, (1.1)
where v(t, x) : [0, T * ) × R 3 → R 3 denotes the 3D velocity field of the fluid, P (t, x) : [0, T * ) × R 3 → R stands for the pressure in the fluid, and T * is a positive constant. The divergence free condition in second equation of (1.1) guarantees the incompressibility of the fluid.
The 3D incompressible Euler equations develop finite time singularity is regarded as one of the most important open problems in mathematical fluid mechanics [7, 9] . Toward this direction, Beale-Kato-Majda [3] established a celebrated criterion of finite time blowup. Constantin-Fefferman-Majda [5] gave the geometric aspects the 3D Euler flows and asserts that there can be no blowup if the velocity field is uniformly bounded and the vorticity direction is sufficiently well behaved near the point of maximum vorticity. Lou-Hou [15] showed a numerical computation to 3D axisymmetric Euler equations, the solutions were observed to develop singularity on the boundary with local self-similar structure. Recently, Hou-Jin-Liu [12] derived a new family of 3D models from incompressible axisymmetric Euler and Navier-Stokes equations, and studied its singularity property by numerically. The local well-posedness of solutions for this equations are widely studied, one can see [8, 10, 11, 18] for the strong solutions, and [1, 2, 4, 13, 14, 16, 17, 19] for the very weak solutions. We notice that Constantin [6] found a class of smooth, mean zero initial data for which the solution of 3D Euler equations becomes infinite in finite time, meanwhile, he gave an explicit formulas of solutions for the 3D Euler equations by reducing this equations into a local conservative Riccati system in two-dimensional basic square not in R 3 . In this paper, we give a family of explicit self-similar blowup axisymmetric solution for the 3D incompressible Euler equations (1.1). Here the spatial variable x ∈ R 3 . We now derive the 3D incompressible Euler equations with axisymmetric velocity field in the cylindrical coordinate. Let e r , e θ and e z be the cylindrical coordinate system,
where the radial and angular velocity fields v r and v θ are recovered from φ θ based on the Biot-Savart law
The incompressibility condition becomes
Obviously, there are singular coefficients 1 r in system (1.3). The singular point is r = 0. It causes many difficulties to solve it directly. But by some observation, we find some useful structure in system (1.3), then by direct computations, we obtain there exist a family of explicit self-similar blowup solutions for system (1.3). Furthermore, this solutions also gives a family of explicit blowup axisymmetric solutions for 3D incompressible Euler equation (1.1). Here is our main result in this paper. Theorem 1.1. The 3D incompressible Euler equations (1.1) has a family explicit selfsimilar blowup axisymmetric solution
where T * > 0 is a positive constant, e r , e θ , e z are defined in (1.2), r = x 2 1 + x 2 2 and z = x 3 , and
where constants a, k ∈ R/{0}.
We supplement the 3D incompressible Euler equations (1.1) with the initial data
The 3D incompressible Euler equations satisfies the energy identity
By directly computation, it follow from (1.6) that
This means that
Thus let i = 1, 2, 3, we have
where x 0 ∈ R d is a fixed point. Obviously, there is an initial data
Hence the finite time of blowup solution takes place in the gradient of velocity field for the 3D incomressible Euler equations (1.1). The singularity is type I. The blowup point is (t, x) = (T * , x 0 ). We remark that the stability result on this new blowup axisymmetric solutions (1.6) for the 3D incomressible Euler equations (1.1) has been studied in [22] . Remark 1.1. We remark that the 3D incompressible Navier-Stokes equations in R
have two family of explict blowup axisymmetric solutions as follows
where e r , e θ , e z are defined in (1.2), r = x 
where constants a, k ∈ R/{0}. When v θ (t, r, z) = kr(T * − t) 2a , the solutions can be rewritten as
with the smooth initial data
It is well-known that the equation for pressure P is
One can see [23] for more details..
Proof of Theorem 1.1
In this section, we show how to get the explicit self-similar blowup axisymmetric solutions (1.6) for the 3D incompressible Euler equations (1.1). The idea of proof is based on the observation on the structure of system (1.3)-(1.4) and incompressibility condition (1.5). It is inspired by the work [20, 21] . Let T * be a positive constant. We now focus on the axisymmetric system (1.3)-(1.4) and incompressibility condition (1.5) , that is, 10) and the incompressibility condition becomes
We observe the structure of incompressibility condition (2.11), then assume that
where a = 0, b, p, q are unknown constants. Substituting (2.12) into the incompressibility condition (2.11), we get
which gives that a(p + 1)r p + bqrz q−1 = 0.
so there must be
Thus by (2.12), we get v r (t, r, z) = ar T * − t ,
where a is the only unknown constant.
We are now to identify function φ θ (t, r, z). Substituting (2.13) into (2.10), we have 15) whereā is an unknown constant. Substituting (2.15) into (2.14), there is
which means that we should require a = −ā, then above two equations holds. Thus it follows from (2.15) that
Furthermore, by (2.9), we get ω θ (t, r, z) = 0. (2.17)
There is only unknown function v θ (t, r, z). By observation on the structure of v r (t, r, z), v z (t, r, z), φ θ (t, r, z) and ω θ (t, r, z), we are sure the structure of v θ (t, r, z) should be v θ (t, r, z) = kz p 1 r 
